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ABSTRACT--Transition metal diborides are consid-
ered choice materials for thermal applications for its 
high melting temperatures and shock resistance. ZrB2 
and HfB2 are found to be advantageous. In here is pre-
sented molecular dynamic simulations performed to 
obtain thermal conductivity using the Green-Kubo 
method for various point defects (vacancy, interstitials, 
isotopic). Tersoff potentials are used for atomic inter-
actions and thermal conductivity computed for defec-
tive and defect-free ZrB2. The thermal resistance cor-
relation to number of defects were explored. The sim-
ulated structure with point defects is presented. Com-
puted thermal conductivity values showed that inter-
stitial defects are detrimental to thermal transport in 
ZrB2 unlike vacancies. The defect formation energies 
were also investigated. The computed results are com-
parable to available experimental data and are pre-
sented to further the knowledge on ZrB2 based mate-
rials.  

 
1. INTRODUCTION 

The correlation between atomic level understanding and macro 
scale prediction of thermal properties is a critical for technolog-
ical advancement in leading edges of super-sonic aircraft, com-
plex integrated circuits and advanced nuclear plants [1-5]. As 
an ultra-high temperature ceramics (UHTC) with melting point 
of about 3240o C, ZrB2 is a favorable candidate for advanced 
thermal engineering. Based on its high thermal conductivity 
coupled with high melting point, this material offers the possi-
bility of high thermal re-radiation from high temperature re-
gions. Recent data have shown that small changes in the impu-
rity content of ZrB2-based ceramic resulted in significant ther-
mal conductivity changes [6, 7]. This property combined with 
its high strength and chemical inertness has been harnessed in 
different applications including thermal conductivity prediction 
by intrinsic phonons [18]. Even though ZrB2 is a conductor, 
studies have shown that its heat transport mechanism is domi-
nated by phonons [16,18, 23]. It is essential to develop a struc-

ture-property multi-correlation for ZrB2 materials. In this arti-
cle, we predict thermal conductivity changes in theoretical ma-
terials in which defects dominate phonon scattering lifetimes. 
This has been done by modeling thermal transport using the 
Boltzmann transport equation in which the mean free paths of 
phonons are modeled as a function of wave vector and polari-
zation, and how these scattering processes interact with the ex-
treme anisotropy of the ZrBr2 crystal structure. To this end, in 
this work we use a combination of classical molecular dynamics 
and Boltzmann transport theory to: (1) characterize the intrinsic 
thermal transport in ZrB2, (2) compute structures and energies 
of point defects in ZrB2, (3) Compute the thermal conductivity 
and phonon lifetimes in defected ZrB2 and finally (4) Quantify 
the phonon scattering cross-section of defects to phonons of dif-
ferent wave. 

The significant impact of tungsten particles on the thermal con-
ductivity of titanium diboride reported in recent articles raises 
concerns for other transition metal diborides such as zirconium 
diboride [22, 25, 26]. Other researchers have reported varying 
thermal conductivity values for zirconium diboride ranging 
from 56 W/(mK) to about 133 W(mK) at room temperatures. 
However, the source of disparities in the thermal properties of 
zirconium diboride remain unclear [6, 22, 25-27]. One could 
propose that imperfections and impurities in structure based on 
processing technique of ZrB2 and different sources of compo-
nent elements play a role. There are enormous amounts of de-
fect types to investigate in a bid to harness thermal properties of 
ZrB2, however in this paper point defects are the focus. 

 

2. BONDING AND LATTICE STRUCTURE 

ZrB2 belong to the family of hexagonal isostructural tran-
sition metal diborides (TMB2) with a AlB2-type 4d crystal struc-
ture with space group P6/mmm [8]. The structure is a repeating 
layer of boron atoms with the zirconium atoms arranged in an 
alternating hexagonally closed packed layer. The unusual prop-
erties of this material have been attributed to its multi-bonding 
types in the structure. The boron-layered structure is similar to 
the hexagonal planes of carbon atoms in graphite but unlike car-
bon, boron atom only has three valence electrons. Like carbon 
atom in graphite, boron bonds to its nearest neighbor boron at-
oms to form strong s-bond within the planes and weak p-bond 
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between planes. Thus, since there are only three valence elec-
trons available in a boron atom, some of the s-bonds are not 
filled. Therefore, researchers have attributed the characteristic 
stiffness of ZrB2 unit cell to the strong boron-boron covalent 
bonds and the thermal conductivities to the metallic bonds [10]. 
This disparity in stiffness of the different bond types along with 
the large mass difference between B and Zr creates distinct 
bands of high and low frequency lattice vibrations [9].  

 

(a)    

 

(b)    

Fig. 2.1: Zirconium diboride lattice structure, showing (a) alter-
nating layers of Zr and B and (b) front hexagonal [0001] view show-

ing the space group 

To develop an atomistic understanding of defect impacts 
(types and concentrations) on the thermal properties, an opti-
mized structure of perfect ZrB2 was first obtained as in Fig. 2.1. 
Fig. 2.1 (a) shows the slice of alternating layers of individual 
species stacked in the hexagonal structure (see Fig. 2.1b). The 
non-clustered atoms demonstrating position integrity of each 
atom type in the lattice. The within layer Zr-Zr metallic bond is 
visually depicted without bond lines while the B-B within layer 
bond stiffness with thick lines, represents the strong sigma 
bond. 

3. CHARACTERIZING DEFECT STRUCTURE 

Three groups of defects have been considered in this study: 
vacancies, interstitials and isotopic defects. Fig. 3.1 shows the 
nature of the resulting point defects, clustering out-of-place Zr-
interstitial, and in-plane B-interstitial. Zr interstitial (see fig. 
3.1a and b) pulls adjacent Zr atoms creating a pseudo-cluster of 
defect. Zr vacancy (see fig. 3.1c and d) in the crystal lattice cre-
ates an in-plane atomic size void. While B interstitial deforms 

the B-B hexagonal structure without intra-plane interaction (fig. 
3.1e and f). Like Zr, boron vacancy maintains structural integ-
rity while creating atomic size void (fig. 3.1g and h). ZrB2 stiff-
ness attributed to the B-B within layer bond strength is visible 
in its lattice point integrity [27]. Boron interstitials forms mon-
olayer bond with nearest atoms without protruding clusters un-
like the zirconium interstitial clusters which form interlayer 
bonding. Boron-11 and zirconium-97 were used for the isotopic 
defects in the lattice structure. All defects were introduced first 
generating a 6x6x9 unit cell dimension in LAMMPS with peri-
odic boundaries in all directions. The structure was relaxed and 
energy of the system computed before defect introduction. Point 
defects were introduced and the structure was relaxed again us-
ing energy minimization before computing new energy of the 
system.     

 
Fig. 3.1 Depiction of the defects computed in this work: 

(a-b) Zr interstitial and (c-d) Zr vacancy while (e-f) B intersti-
tial and (g-h) B vacancy. 
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Each defect type was created and then annealed by heating 
to 900K and then cooled slowly to 300K at 5psi before 
quenching and relaxing the structure. The energy of each de-
fect was computed and the hessian matrix of the atoms in the 
vicinity of the defect computed. The computed change in co-
hesive energy of the system was used to calculated the energy 
of defect formation. The defect formation energies were used 
to justify the likelihood of formation of specific defects type. 
The energy attributed to the defect was calculated by 

  𝑬𝒅 = 𝑬𝑫 −
𝑵𝑫
𝑵𝒐
𝑬𝒐     (1) 

𝑤ℎ𝑒𝑟𝑒	𝐸%	𝑎𝑛𝑑	𝐸& represents the final energy of the defective 
and defect-free ZrB2 crystal system while 𝑁%	𝑎𝑛𝑑	𝑁&represents 
the number of atoms in the defective and defect-free ZrB2 crys-
tal system respectively. Fig. 3.2 presents the energy values for 
the various defects types considered. A study by Martin et al. 
shows that it cost increased energy to create vacancies for Ti 
and Zr due to increased valence electrons unlike Nb and Mo. 
[29]. Other studies only consider the enthalpy of formation of 
ZrB2. Increasing positive energy of formation for both intersti-
tial and vacancy with the number of defects (see Fig. 3.2) could 
be attributed stiffness in ZrB2 crystal lattice. Fig. 3.1(g-i) de-
picted that the atomic sites of Zr in the lattice are non-deviating, 
thereby forcing the interstitial atoms out of the Zr-Zr plane (in-
tra-layer). 
      

 
 
Fig. 3.2 Corresponding energies for interstitials, vacancies and 
isotopic defects. The interstitials and vacancies are shown in 

Fig. 3.1. 
 

4. CALCULATION OF THERMAL CONDUCTIVITY 

Lattice thermal conductivity is the elastic effect of its vibration 
(phonons). There are two techniques that have been established 

and commonly used to compute the thermal conductivity of ma-
terials using MD simulations. These are (1) the Green-Kubo 
Method (an equilibrium method), and (2) the simulation of heat 
transport under an imposed temperature gradient (non-equilib-
rium method). These are the Green-Kubo Method (or equilib-
rium method), direct method using Fourier’s law of heat con-
duction (non-equilibrium). The heat current autocorrelation 
function shows fluctuation about zero at equilibrium and there-
fore Green-Kubo method computes thermal conductivity based 
on the time it takes for the fluctuations to dissipate quantified 
by computing the integral of the heat current autocorrelation 
function [11, 12]. Green-Kubo expression for thermal conduc-
tivity is given by 

  κ = !
"(#)

∫ 𝐉(t). 𝐉(t + τ)	dτ,$
%     (2) 

where 𝑱(𝑡). 𝑱(𝑡 + 𝜏) is termed the heat autocorrelation func-
tion, and J is the heat current vector. Green Kubo (GK) Theo-
rem has been used extensively in studying the thermal conduc-
tivity of solid materials but very limited analysis on zirconium 
diboride and its family of anisotropic ceramics. The GK method 
connects the integration of the ensemble average of the heat cur-
rent correlation function to the lattice thermal conductivity ten-
sor, kij is given by [13] 

  κ&' =
!

"(#)
∫ J&(0). J'(τ)dτ,
$
%     (3) 

where V is the system volume, kB is Boltzmann constant, and T 
is the system temperature. The Green Kubo (GK) method has 
been used extensively in studying the thermal conductivity of 
solid materials including in defect-free zirconium diboride and 
its family of anisotropic ceramics [5-8, 16, 22]. The heat current 
vector can be calculated at time t, from the spatial configuration 
as: 𝐽(𝑡) = 	 *

+
2∑ 𝑒,𝑣, +∑ 6𝑓,- . 𝑣-9𝑥,-,.-, ;, where i and j repre-

sent atom i and neighbor j,	𝑣-is the velocity of atom i,  𝑒, is the 
per atom energy of atom i, 𝑓,- is the force on atom i due to atom 
j and 𝑥,- is the vector from 𝑥, to 𝑥-. Kaburaki et al. showed 
that the accuracy of the Green-Kubo method large depends on 
the interatomic potential used for its implementation [15]. To 
simulate ZrB2 using molecular dynamics, the proper super cell 
and interatomic potential is required. Murray et al. have used 
Tersoff interatomic potentials for modeling Zr, Hf, and B prop-
erties and demonstrated repeatability. These potentials have 
been reported to be stable across multiple test for different prop-
erties of these diborides [24]. In our study, we have adopted this 
well-defined potential to investigate the thermal properties of 
perfect ZrB2 lattice structure and to determine the additional 
thermal resistance due to point defects. 
 

Following Daw et al. simulation for perfect ZrB2 was 
performed with 6 x 6 x 9 supercell for the prediction of thermal 
conductivity, k [16]. In this study, however, initial gross analy-
sis simulations were performed at 300K using different super 
cell sizes to predetermine optimal thermal conductivity values 
along the axial directions computed for perfect ZrB2. LAMMPS 
code were used to perform the MD simulation. The optimal 6 x 



6 x 9 supercell boxes were created and simulated. The system 
was simulated in NPT ensemble to sweep average volumetric 
expansion as a function of time under zero pressure. The system 
was them fixed at its average system dimensions at 300K and 
equilibrated in NVT ensemble at specified temperatures. This 
was followed by NVE ensemble to further equilibrate the sys-
tem before starting to record the heat current autocorrelation. 
Low timesteps of 0.5e-3 fs was used to optimize sampling rate 
within one oscillation and maintain energy conservation at the 
specific simulation temperature range (300 -2100K) (i.e. mini-
mizing fluctuation). Each system configuration was simulated 
at least five times for improved data mean and control for vari-
ability in initial velocities. Another challenge of Green-Kubo 
(GK) is the convergence of the heat current (flux) indicating 
time for system equilibration. Recent studies have highlighted 
the relevance heat flux integral contribution (see equation 2.1) 
in predicting the thermal conductivity based on duration of the 
oscillation [17, 18]. However, researchers have presented dif-
ferent views on how much oscillation time is sufficient and its 
significance to thermal diffusivity. 

After system equilibration, autocorrelation of the heat flux 
was computed from the time series data from longer simulation 
time to reduce statistical noise. The averaged data from multiple 
correlation was considered to converge within 35ps of simula-
tion time. Green-Kubo method uses the trapezoidal rule to inte-
grate the heat current autocorrelation function (HCAF) <
𝐽,(0). 𝐽-(𝜏) > as expressed in equation 2. The normalized auto-
correlation function (ACF) is shown in fig. 4.2 
 
4.1 Size Convergence 

The hexagonal closed packed unit cell of ZrB2 presents an op-
portunity to create data file of different box sizes. Defect-free 
crystalline system of ZrB2 of different box dimension were in-
vestigated for thermal conductivity values as presented in Fig. 
4.1. Simulations were performed for different system configu-
rations to understand the size effect on the thermal values. Fig. 
4.1a correlates the thermal conductivities of 3 x 3 x 3 and a 
larger supercell 9 x 9 x 15 across temperature range (200-
2100K). The supercell size is less impactful on the k values. 
There is a wide variation in the computed thermal conductivity 
(k) ranging from 45-194 W/(mK) as presented in Fig.4.1b with 
box size configuration starting from 3 x 3 x 3 to 15 x 15 x 15 at 
300K. It is interesting to note that in the x and y direction, ther-
mal conductivity decreased with increasing box length. Thermal 
conductivity, k values were recorded on 6 x 6 x 9 supercell di-
mensions. Along the z-axis there is no conclusion on impact of 
box length on k values. Studies have shown that there are direc-
tionally dependent thermal properties [19], however in this case 
our study is to optimize the average thermal conductivity by 
first performing size convergence. The average k (Fig. 4.1a) is 
close to reported experimental data [20] but the contribution in 
each axial direction was not reported. Also, critical to using 
Green-Kubo is the convergence of the heat current autocorrela-
tion function (HCAF). 

 

 
 

Fig. 4.1. In (a) thermal conductivity, k for ZrB2 in different 
supercell sizes across temp range (b) is the directional k along 
the basal x and y directions and z-direction at 300K.   
 
4.2 HCCF Convergence 

Fig. 3.2 presents the normalized accumulated average 
of the HCCF. The result below only shows the defect-free crys-
talline ZrB2 at T=300K as a control for variability due to defects 
in subsequent simulations. The simple moving average model 
for the time series was applied to analyze the computed heat 
current. The decay and frequency of oscillation is similar on the 
basal direction along x and y but different from the decay in the 
z-direction. Although the initial oscillation in the z-direction is 
regular but converges faster. From Fig. 3.2b, z-direction shows 
a slower convergence with high oscillations between ~23 - 30ps 
and re-converges. It demonstrates why the simulation time 
should be truncated to prevent any accumulation of noise over 
longer time, similar approach was adopted by L. S. Oliveira in 
the study of thermal properties of graphite [30]. Along the x- 
and y-axis, long lasting simulation is required due to slower but 
more regular decay. The HCCFxx result is comparable to that 
obtained by Lawson et al [16] but does not present the HCCF 
along y and z directions. The simulation times was sufficient  
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Fig. 4.2. the normalized HCACF computed overlay along xyz-
axis for perfect ZrB2  
 
for heat flux convergence along all axial directions and there-
fore the result is computed with relatively minimum noise, at 
which T=300K is about 127W/(mK) on average. Other methods 
have been reported to use longer and shorter simulation times 
to compute thermal conductivity. However, true thermal con-
ductivity can only be computed at infinite simulation time, to 
include all average fluctuations.  
 
4.3 Thermal Conductivity of Defected ZrB2 

Previous articles have reported thermal conductivity trend 
for ZrB2 with temperature but no characterization of thermally 
resistive processes due to point defects [20, 21]. Experiments 
have also shown differences in measured k values for single 
crystal and polycrystalline ZrB2, attributed mostly to grain 
boundaries resistance in polycrystalline [23]. Here we com-
puted k values in the presence of different point defects class in 
ZrB2 using a 6 x 6 x 9 supercell sizes at 300K. Thermal conduc-
tivities for vacancies and isotopes were higher than interstitial 
defects both for boron (B) and zirconium (Zr) (see Fig. 4.3). 
While Zr atoms interstitials measured k values from 24.6, 13.9 
and 5.4 W/(mK) for two, four and six interstitial atoms respec-
tively, B atoms interstitials recorded 4.57, 11.3 and 6.72 
W/(mK). For vacancy defects, measured k values were higher 
than that for perfect ZrB2 structure. Computed k 183 and 198 
W/(mK) respectively for two B and two Zr vacancies. Lee et al 
also recorded increased conductivity due to vacancy defects in 
graphene but attributed to changes in localized electrons. Also, 
recent study by Oliveira and Greaney suggests the presence of 
localized modes for certain defect types [30, 31]. Significant 
differences in the results can be attributed to changes in the fre-
quency of vibrational modes but there is more work to deter-
mine how this influence the heat flux in the different spatial or 
 

 
 
Fig. 4.3. 𝜅 values for different ZrB2 defect systems at room 
temperature, (top) shows 𝜅  for vacancies and isotopes, and 
(bottom) shows 𝜅 interstitials in the x, y, z-directions.  
   
axial direction. The vacancy and isotopic defects increased 𝜅 
values in the z-direction and proportional change in the basal 
direction. Similar results were obtained using a different super-
cell size hence the results may be dependent on the interlayer 
spacing and defect alignments. It is unclear if the B vacancies 
allow for a stronger lattice vibration of the s-bonds [9], how-
ever, the absence of B would constitute a stronger Zr-Zr metal-
lic bond and thereby increasing thermal conductivity [10]. 
 

 Experimental estimate at 300K by Devon Lee [20] 
measured 88 W/(mK) and the simulation results are in agree-
ment for perfect ZrB2 structure. This k value is lower than 108 



W/(mK) for sintered ZrB2 measured by Zhang et al. These k 
values are comparable to results at low temperatures [9, 20-23]. 
The results presented in Fig. 4.3 do not indicate that thermal 
conductivity largely vary with the number of defects but rather 
the type of defects and potentially the spacing. There are little 
notable differences in the k values computed along the z-direc-
tion compare to the basal directions for the various defect types. 
The injection of these defects is expected to change neighbor 
orientations, bond types and lengths. These characteristic 
changes are anisotropic and impact directionally dependent 
components such as the heat flux. In Fig. 4.4, the anisotropic 
ratio computed for the basal directions is presented for the var-
ious ZrB2 classifications. Studies have not shown the changes in 
frequency modes to appropriately characterize thermal conduc-
tivity degeneracy or upswing. 

 
 
Fig. 4.4. Anisotropic ratio computed for the basal directions (x 
and y) in relation to z for the defect types. 
  
 Thermal conductivity values on Fig 4.3 indicate that the 
spatial orientation of the defect could be different and therefore 
pose variation in the overall conductivity of the system. There 
is a dependence of k on the type of defects whether interstitial 
or vacancy. However, there is little difference with regards to 
the number of interstitials or vacancies. Influence of an extra B-
atom or the absence of it on the s-bond within B plane and weak 
P-bond intra-plane is reflected in the change in k value rec-
orded. In determining the resistance imposed by these defects 
relative to defect-free ZrB2, the Mathieson’s rule was applied. 
If defect is considered a source of phonon scattering, according 
to Mathieson’s rule the total resistivity is the sum of resistivity 
due to the defects and the resistivity due to the lattice vibration 
in the crystal structure. Therefore, the imposed thermal re-
sistance (r) due to defect is calculated as shown below: 
 
 𝑟/01023,40 =	𝑟5061023 + 𝑟/010237    (3) 
 
But thermal resistance, r = 1/k, of the system 
 

 𝑟/01023 =
*

k#$%$&'()$
−	 *

k*$+%$&'
    (4) 

 For Mathieson’s rule to be applicable, the scattering con-
tribution from each defect would be additive. The additive con-
tribution to the thermal resistance due to defect is given as 
𝑟/01023 =	𝑟/01023,40 − 𝑟5061023. Fig. 4.5 presents the computed 
thermal resistance for a system size without defect (𝑟5061023) 
and one with point defects (𝑟/01023,40). It therefore suggests that 
the same system size with double the number of defects would 
be in the form	𝑟/01023,4089 =	𝑟5061023 + 2. 𝑟/010237. The resis-
tivity of the two interstitial Zr and B defects system are 0.09 and 
0.24 mK/W𝑥108: respectively. However, the respective resis-
tivity of four interstitial defects are 0.08 and 0.11 mK/W𝑥108:. 
Therefore, doubling the number of point defects does not corre-
spondingly double thermal resistance. It is however, worth not-
ing that there are no data at this time regarding how the orienta-
tion and stacking of the defects will change the resistivity con-
tribution in the system.         
   

 
 

 
Fig. 4.5. Independent thermal resistance contribution of (top) B 
and Zr interstitial (bottom) B and Zr vacancies in ZrB2 system  
 

5. SUMMARY AND CONCLUSIONS 
In this study, we have reported the thermal conductivity of 

both defect-free and imperfect ZrB2 by Green-Kubo simula-
tions. Perfect crystal lattice of ZrB2 is different from real crystal 



structure due to variation in densification processes and nature 
of synthetic powder. Vacancy defects, packing and interstitials 
are common to real ZrB2 materials. With an optimized 6 x 6 x 9 
supercells, the Green-Kubo approach was used, and autocorre-
lation function converged within 35ps correlations time. Fre-
quency of oscillation and decay in the z-direction is different 
from basal direction. At 300K vacancy defects gave higher ther-
mal conductivity than defect-free ZrB2 while interstitial defects 
lowered the thermal conductivity. The integrity of the lattice 
sites in the Zr interlayer, force the interstitial atoms to position 
between adjacent layers. Computed values of thermal conduc-
tivity below 750K (Debye temperature) are consistent with lit-
erature. Higher temperatures did not show significant difference 
with defect types, which could be attributed to size of the simu-
lated system. In addition to computing the trend in thermal con-
ductivity due to defects, we have correlated the change in cohe-
sive property in terms of energy of ZrB2 crystal system with de-
fect formation. There is increased energy required for interstitial 
and vacancy defect formation with the number of defects. 
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